We study the energy dispersions of holographic light mesons and their decay constants on dense nuclear medium. As the spatial momenta of mesons along the boundary direction increase, both observables of the mesons not only increase but also split according to the isospin charges. The decay constant of the negative meson is more large than that of the positive meson of the same type due to the chemical potentials of the background nucleons.
During the last decade, one of the important developments in theories of the high energy physics is the AdS/CFT correspondence [1] [2] [3] , which provides a map between string theories on Anti-de Sitter(AdS) and conformal field theories(CFT) living on the boundary of the AdS. Motivated by the success of the AdS/CFT correspondence, many generalizations to maps between gravity theories and quantum field theories(QFT), especially quantum chromodynamics(QCD), has been proposed and tested under the notion of the gauge/gravity duality. Usually, QFT calculations are performed by perturbation theory and this makes it inaccessible to capture the physics in the strongly-coupled regime of QFT's. In that sense, the gauge/gravity duality is extremely useful because we use a weakly-coupled gravity theory to describe dynamics of a strongly-coupled QFT. For example, the confinement in a hadronic state is a non-perturbative phenomenon, which makes it difficult to study the physics of it. However, one of the recent applications of the gauge/gravity duality, the so-called AdS/QCD sheds light on studying mesons in the confinement phase.
In this work, we will be interested in the hard-wall AdS/QCD model [4, 5, 9] . This is a bottom-up approach to QCD whose goal is to reproduce known properties of QCD by choosing an appropriate five-dimensional asymptotic AdS gravity. In this model, it is possible to incorporate chiral symmetry breaking by a bi-fundamental bulk scalar field containing quark mass and chiral condensate [8] . Moreover, a sharp cut-off, called hard-wall, located at the finite bulk radial coordinate z = z IR generates the mass gap and confinement [6, 7] . Some static hadronic observables such as masses, decay constants, charge radius, and form factors have been studied and reproduced in the hard-wall AdS/QCD model [4, 5, [10] [11] [12] [13] [14] [15] [16] .
These works can be further generalized to the bottom-up models on dense medium [17] [18] [19] [20] [21] [22] [23] [24] [25] . The density in the dual boundary field theory implies to introduce a U (1) gauge field in the bulk AdS gravity action. Then, the well-known solution is given by Reissner-Nordstrom AdS (RN AdS) black hole, from which thermal charged AdS(tcAdS) space can be constructed to study confining phase of the dense medium at zero temperature, which is nothing but RN AdS black hole of vanishing mass with a hard-wall [18] . The inserted hard-wall plays a role of setting up an infrared cutoff of the dual boundary theory in the confining phase and, at the same time, prevents any harm to bulk quantities from the naked singularity. The generalization to the two-flavour U (2) case is also possible where combinations of two Cartans are mapped to the chemical potentials or number densities of u and d quark [22] . Since the geometry corresponds to confining phase of the boundary theory, the fundamental excitations are not quarks but nucleons. Appropriate combinations of such bulk gauge fields were reinterpreted as the density of nucleons and this geometry was used to study meson masses and binding energy of a heavy quarkonium in nuclear matter [17] .
In this paper, we will work in the same background used in [17] in order to study the dependence of dispersion and decay constant of mesons on the background nucleon density and their spatial momenta along the boundary. Like in the mass spectrum, if the spatial momenta increase, the non-trivial splitting and increasing of meson energies are developed due to the flavour charges of the background nucleons. As for decay constant of the mesons, the similar behaviors are observed but the decay constant of negative meson is more large than that of positive meson of the same type.
The paper is organized in the following way. We briefly introduce the tcAdS with a hard-wall and present the Lagrangian of the fluctuations in Sec. II. The numerical analysis of vector mesons is given in Sec. III. The cases of the axial-vector and pions are discussed in Sec. IV and V, respectively. In the final Sec. VI, we summarize the paper.
II. BACKGROUNDS FOR CONFINEMENT AT ZERO TEMPERATURE
In the hardwall model of AdS/QCD, either a pure AdS space or its Euclidean version, thermal AdS(tAdS) space, is an useful geometry for studying the physics of confinement phase. Since we want to consider mesons on a dense medium in confining phase, some gauge fields must be included in bulk gravity action. Then, the thermal charged AdS(tcAdS) space can be one of the useful candidates.
We choose bulk gauge groups to be U (2) L × U (2) R to realize the full chiral symmetry of the N f = 2 lightest flavors in the dual boundary theory. If we denote the corresponding left and right gauge fields as L M = L a M T a and R M = R a M T a , the gauge field strengths are defined by
where T a (a = 0, . . . , 3) is a generator of U(2). tcAdS can be obtained by solving field equations derived from the action
where the cosmological constant is Λ = −6/R 2 . For simplicity, we set the radius of the curvature R unity. The gauge coupling g and the gravitational coupling κ are related to the rank N c of the color group via,
By solving the Einstein equations and the Maxwell equations simultaneously, a general solution is given as a well-known Reissner-Nordström AdS (RN AdS) black hole. There exist two zerotemperature limits of the RN AdS black hole such as an extremal RN AdS black hole and a tcAdS geometry. To work in confinement phase of dual boundary theory, we introduce a hardwall in the bulk. Then it turns out that, within a hardwall formalism, tcAdS is more preferable to confinement in low density and low temperature regime than the usual extremal RN AdS black hole [18] . The resulting tcAdS solution merely takes the form of the zero-temperature limit of the RN AdS black hole of vanishing mass with the inserted hardwall, which hides a naked singularity.
This hardwall also breaks the scaling symmetry in the bulk, which, in turn, implies the broken conformal symmetry, i.e. setting up an IR cutoff in the dual boundary theory according to the gauge/gravity duality. It is a well-known fact that four-dimensional QCD in low energy scale is in the phase of confinement. Since the number densities of u and d quarks corresponding to bulk gauge fields are conserved and we are in the confinement phase, then appropriate recombinations of bulk gauge fields may be reinterpreted as those of nucleons. This can be justified by observing that turning off any dense effect reproduces the known mass spectrum and value of decay constant of mesons in [4] . So it is convenient to write the background solution in terms of the nucleons, not of the quarks, because we are mainly interested in the confining phase on a dense medium. If we denote Q P and Q N as number densities of the proton and the neutron, the total number density and the density difference between the nucleons are defined as, respectively
It is also useful to define a relation D = αQ where the range for α is given by −1 ≤ α ≤ 1. If α = 0, then the background density originates from equal numbers of the protons and the neutrons. A nuclear matter which is composed of only one species, either the proton or the neutron, implies α = ±1. Q and D are essentially connected to the bulk gauge fields by setting
With these, the non-vanishing gauge fields are given by
and the metric of the geometry is given by
where
We pose to mention two interesting possible backgrounds. The first case corresponds to isospin matter with two flavours [17, [26] [27] [28] [29] [30] . When referring to [17] , this is described by setting Q α = 0 in original bulk gauge field written in terms of quarks (α = u, d), and results in constant gauge The existence of the hard wall makes the radial coordinate z runs from the boundary z = 0 to the hard wall z = z IR . On this background, we turn on various fluctuations to investigate dispersion relations and decay constants of light mesons in the confining phase. Our starting action is given by
where the covariant derivative for a scalar field Φ is defined by
The fluctuations are defined by
where the bar notation is used for denoting the background gauge fields V a M and the lower cases represent the fluctuations of the corresponding fields. The chiral symmetry breaking is described by the scalar field
where m q represents a quark mass and σ a chiral condensate. Since we are interested in the SU (2) flavor group and work in the axial-like gauge, then l i µ , r i µ , and π i can only survive during the expansion of the Lagrangian by fluctuations over the fixed dense background.
Further, we redefine the fields as new ones interpreted as vector mesons v i µ and axial-vector mesons a i µ , whose definitions are
At this stage of the Lagrangian up to quadratic-order fluctuations, there exist coupled terms between the axial-vector and the pion fields, which can be removed by decomposing the axial-vector field into the transverse pieceā i µ and the longitudinal piece such as
subject to the divergenceless condition ∂ µā i µ = 0. After imposing another ansatz v i t = 0 =ā i t , we obtain the final Lagrangian of the quadratic fluctuations
where the Lagrangians for the vector, the axial-vector, and the pseudo-scalar fluctuations are given by, respectively,
III. DISPERSION RELATION AND DECAY CONSTANT OF THE ρ MESON
We study low energy modes of the vector fluctuations, which are identified as the states of ρ mesons. For the purpose of it, we define
where the superscript 0 and ± represent their isospin charges. In terms of these, the Lagrangian of the vector fluctuation is rewritten as
It is convenient to work in the momentum representation and we write the four-dimensional
Fourier-transforms of ρ-mesons as
where p ≡ p 2 is the magnitude of the spatial momenta in the boundary space. Then, the equations of motion for the ρ vector mesons are given by where all fields are subject to boundary conditions so that ρ-meson fields vanishes at the z = 0 boundary and the the field strength vanishes at the wall. Before numerically solving these boundary value problems on the constant density, i.e. the fixed value of Q, we need to recall the density dependence of the deconfinement phase transition [17] .
It is shown in the FIG. 1 that each negative meson has its own critical density where the meson becomes massless and a deconfinement phase transition occurs. This critical density is affected by the background density, which is controlled by the parameters Q and α. For example, when α = 1 2 , the critical densities of the pion, the vector meson, and the axial-vector meson are Q π = 0.1993, Q ρ = 1.269, and Q a 1 = 1.277, respectively. However, the critical density for the Hawking-Page deconfinement phase transition occurs at Q crit = 0.1679 and this is smaller than Q π . To study mesons in the confining phase, it is needed to keep such density-parameters Q and α as to be fixed in the appropriate range. In this paper, we fix α = 0.5 and either Q = 0.1 or Q = 0.01.
We begin to investigate dispersion relations of rho mesons. As shown in the FIG. 2 , the energies of ρ mesons on the dense medium grow up as their spatial momenta p increase. At a given momentum, the energies of neutral and charged rho mesons split and this results from the existence of the non-zero nuclear density. In general, the energy curve of the ρ + is placed over the curve of the ρ 0 and the curve of the ρ − is placed at the bottom. Moreover, the splitting among the curves become large in the heavier dense medium. Without the background densities, energies of all neutral and charged mesons grow up again as the momenta increase, but there is no splitting between the rho mesons. This is the expected result because we know that mesons have different If we consider a dense medium given by Q ≥ 0.69636, then energy curves of the negative ρ's on the vacuum and the dense medium intersect each other, because the gradients of the curves for the vacuum and the dense medium differ in the region of the higher momentum. In the regime of high spatial momenta, the energy curve of the ρ − on a dense medium has greater gradient than that on the vacuum. But this does not happen at the confining phase, because the isospin density for the confining phase is always lower than the critical density. It is also noted that energy differences between rho mesons at a given momentum are not same but asymmetric as shown in Fig. 2 (b) .
The decay constant of the vector meson can be defined by calculating the current-current correlator in the gague/gravity duality [4, 11] . By using the fact that Green's function of bulk gauge field can be expanded in resonances, the vector current-current correlator is derived as a sum over rho mesons [4, 31] , which can be explicitly shown in [11] by incorporating the KneserSommerfeld expansion with the known exact solutions. The suggested form of the decay constant is given by
where the normalized rho vector field is used. We evaluate the formula numerically and the results are presented in the FIG. 3 . In the case of the vacuum, decay constants of all the rho mesons have and a
In terms of these, the action governing the a 1 axial-vector mesons is given by
The equations of motion are easily written in the four-dimensional momentum space by
The equations of the charged a 1 mesons contain a combination of the energy w ± and the density parameters. This combination causes splitting of the physical quantities in the charged a 1 mesons such as curves in the dispersion relations and the decay constants. Actually, there exist similar terms in the equations of the motion of charged mesons and this effect can be easily seen without spatial momenta. In comparison with the ρ-meson case, the same numerical method is applied to the system of the axial-vector mesons. Again, we impose the Dirichlet boundary condition at the U.V. and the Neumann boundary condition at the I.R. in a gauge-invariant way.
We analyze non-trivial dispersions of the a 1 mesons on the dense medium. As in the ρ mesons, 
V. DISPERSION RELATION AND DECAY CONSTANT OF THE π MESON
To interpret the lowest modes of the scalar fields as the π meson, we make field-redefinitions given by
Then, the Lagrangian for the pseudo-scalar fields is recasted by is the current for the axial vector field. But, due to the non-trivial metric factors of the dense background, it is hard to find out such a good-looking limit at least to get a numerically calculable form. Moreover, the ground state of dual theory in dense medium is actually not well-defined.
VI. DISCUSSION
The hard-wall model of the holographic QCD on the dense background was studied with the help of numerical methods. By turning on the spatial momenta p 2 in the boundary space, the non-trivial behaviors of the energy dispersions and decay constants of the holographic mesons are developed. As the momenta increase, they increase and, at the same time, split due to the isospin charges. At large p 2 , the asymptotic values of the energy and decay constants of the ρ and a 1 mesons approach each other.
At a given p 2 , the energy of positive meson is always larger than the energy of the neutral and negative meson of the same type. While the energy of the positive and neural mesons on the dense nuclear medium is always more large than that of the mesons on the vacuum, but the cases for the negative mesons are dependent upon the isospin chemical potential. However, the energy of the meson on the dense nuclear medium is getting bigger than that of the meson on the vacuum in the large p 2 regime.
As for the decay constants, the similar patterns were observed : the larger the spatial momenta are, the higher the decay constant of the meson is and the splitting is also existed on the dense nuclear medium. On the other hand, the value of the decay constant of the mesons on the vacuum remains literally 'constant,' irrespectively of the magnitude of the spatial momenta. We also found that, on the dense nuclear matter, the decay constant of the negative meson are always more larger than that of the positive meson of the same type. This was explained by considering the decaying tendency of the charged mesons immersed in the background having isospin chemical potentials.
Since the dense background used for the various fluctuations was not simple, we could not have enough analytic controls and use popular approximations like the chiral limit. While the usual definitions of the QFT in the vacuum are well-known, but, in the dense medium, they are not well-known. So it is hard to study either the decay constant of pion or the meson form factor to investigate the interactions on the dense nuclear medium, which we leave as future works. 
